1* Introduction. In the paper [5] , Halmos studies shifts on Hubert spaces by using wandering subspaces. We apply this technique here, where we consider isometries on indefinite inner product spaces. These operators have been studied in the past, principally by Iohvidov ([6] and [7] ), on spaces where the indefinite inner product is derived from a Hubert space inner product (a J-or (τ-inner product). The results obtained for isometries here, however, apply in the more general situation of an inner product space with an admissible topology.
The theory of shifts on Hubert space was used by Sz.-Nagy and Foias [11] in the study of the geometry of spaces of minimal unitary dilations of contractions. A noncontraction possesses a minimal unitary dilation on a space with an indefinite inner product [2] , and it was the study of the geometry of these dilation spaces (originating in the papers of Davis [2] and Davis and Foias [3] ) that motivated the present work.
Most of the results appearing here formed part of the author's Ph. D. thesis [10] ; other work was partially supported by a grant from the National Science Foundation. 2 , h,ke J%f. The inner product is not assumed to be positive, that is [h, h] may be negative for some h e ^. For the theory of inner product spaces, refer to [1] and [8] If [h, k] If ^ and ^ are two subspaces, with ^ JL ^ and £* Π ^ = {0}, then we write ^ 0 £f % for the direct sum of <jf x and ^.
For any subset Szf £ Jg^ we define Note (cf. [1, Sec. 1.3] ) that j^1 is a subspace, and if jzf £ & then .^^J/ 1 . Also, if ^ and ^ are subspaces of 3έf, then we have
In contrast to the situation in Hubert space, it is possible to havê n^7 1 Φ {0} for a subspace £f. The subspace is called the isotropic part of .5^. A subspace J5^ of £έf is said to be degenerate if ^° ^ {0}, i.e., if £? Π =^L ^ {0} ( [1, Sec. 1.4 
]).
We will be assuming throughout that all inner product spaces are nondegenerate, i.e., έ%f L = {0} for every inner product space Sίf.
Consequently, if
[h, fcj = [Λ, fcj for each h e J^ then k t = AJ 2 .
If ^ and j^2 are subspaces of <%1 with ^ £ = 5^2, then £f 2 Q JZ? will be used to denote the subspace ^f 2 Π =^J.
We will need the following lemma. The proof is straight-forward and is omitted. (See [10, Lemma 1.1.1] .) LEMMA 2.1. If ^f = JZl 0 ^, /or subspaces j*f lf £f t of an inner product space ^f, then A topology on an inner product space έ%f is said to be admissible if it is locally convex, and if (i) for every k e Sίf the linear functional φ k (h) = [h, k] is continuous, and (ii) for every continuous linear functional φ on Sίf there is a k e £ίf such that φ = φ k ([1, Sec. III.5]). Every admissible topology on a nondegenerate space is separated, i.e., Hausdorff ( [1, Lemma III.5.2] ).
The weak topology on Sif is the locally convex topology defined by the family {p k } k e^ of seminorms, where 3* Operators on inner product spaces* We assume from this point on that all spaces are nondegenerate inner product spaces with admissible topologies. An operator T: 3(f x -> 3ί? % is assumed to be linear with domain equal to 3g\. The identity operator will be denoted by I.
We will be needing the concept of a generalized sequence (or net) (see, for example, [4, Definition 1.7 .1]), and in particular the following lemma (cf. [4, Lemma 1.7.4] REMARK. This definition generalizes the use of the terms regular in [3] , right in [9] , and praviVnym in [7] , and coincides with the use of ortho-complemented in [1] and P^± == J -P^. An operator P on .^^ is called a projection if it is weakly continuous and if P* = P 2 = P. The proofs of the following theorem and its corollaries are straightforward, and are omitted. THEOREM 4.2 (cf. [9, p. 116] In a Hubert space the direct sum of two orthogonal closed subspaces is always closed. In an indefinite inner product space this is true, provided we assume that one of the subspaces is regular. THEOREM 4.6 (cf. [9, Lemma 5.1] Proof. Since ^S^1 and ^ is regular, the sum of £f x and is direct.
Suppose h is in the closure of ^0^. Then, by Corollary 2.3, there is a generalized sequence {h a \ in -5^ φ '£f t converging weakly to h ( [4, Lemma 1.7.2] ). Let P be the projection of Sίf onto £?" Clearly, (/ -P)h a e ^ and, since P is weakly continuous and Sί% is closed, (J -P)he £?ι. Hence h = Ph + (I -P)h e JS^ φ J2^2, and j^ 0 J2^2 is therefore closed. Now suppose Jίf 2 is regular and let Q be the projection of £έf onto j^2. Since j^ 1 j^2, QP = PQ = 0. Hence P + Q is a projection with (P + Q)^ -J2^ 0 J2^2 and so, by Theorem 4.2, ^ 0 j^2 is regular. 5* Isometries* An operator V from <^ to £%f f is called an isometry if it is continuous and [ Vh, Vk] 
he condition that a continuous operator F be an isometry is equivalent to V*V r = 7, and hence every isometry is injective. (Cf. [6, Proposition 1°] . Recall that Sίf is assumed to be nondegenerate.)
An isometry is called unitary if it is surjective. As in Hubert space, the unitary operators V are characterized by the relations F*F -I and FF* = I, i.e., by the relation F* = V~\ LEMMA 
(cf. [6, Theorem 2]). If V is an isometry and is a closed subspace, then VJϊf is also a closed subspace.
Proof. V£f is clearly a subspace. In view of Corollary 2.3 it suffices to show F=S^ is weakly closed.
Suppose h is in the weak closure of V^f. Select a generalized sequence {l a } of vectors in £f so that {Vl a } converges weakly to h. Since F* is weakly continuous, {l a } = {V*Vl a } converges weakly to F*fe. By Corollary 2.3, jgf is weakly closed, so V*h e^f. Also, since Proposition 3.4 implies the weak continuity of F, {VI a } converges weakly to VV*h. But {Vl a } was assumed to converge weakly to h and the weak topology is separated, so h = VV*h e VjZf. Hence V£? is weakly closed. THEOREM 5.2 (cf. [7, p. 176] , [1, Theorem VI.3.8 
]). // & is a regular subspace of έ%? and V is an isometry from J%f to 3$f\ then VSf is a regular subspace of Sίf\ The projection of £ί?
f onto V£? is VP^V*.
Proof. Let P = P^, Q = VPV*. Then Q is weakly continuous, Q z= Q*, and since F is an isometry, Q 2 -Q. Therefore Q is a projection.
We have QJT'S VP3T= V^ and for any I e ^ QVl = VPV*Vl = VPl = VI. Hence QSίf' = V£f, so by Theorem 4.2, V£? is regular and Q is the projection of Sίf* onto V£f.
We also include the following result, in which the operator V is not assumed to be continuous. A similar result has been obtained by Iohvidov [7, Theorem 2] 
The following example shows that this is not necessarily true when the inner product on 'Sίf is not positive definite. The topology on <%* is that defined by the norm || ||, and this topology is readily seen to be admissible.
Let £f be the one-dimensional subspace of 3ίf spanned by the vector I, where l 0 = τ/3, k = 2 and Z Λ = 0 for & ^ 2. It is easily checked that ^ is regular.
For x G ^^ let Vx be the sequence y e 3ίf with 2/0 -2# 0 , 2/] -1/ 3 x 0 and y fc . = x k _ x for & > 1. Then V" is an isometry and £f is wandering for V.
By writing down the condition that z _L V n l for ^ = 0,1, 2, , it can be readily seen that M+ ( e^) i is spanned by the single vector z with'3 o =.l/i/3 and £ fc = 2" fe for ft ^ 1. Let Sf be the one-dimensional subspace of 3ίf spanned by the vector V -I + z. Then £f' is regular and wandering for V. The vectors Z w (w ^ 0) satisfying (7.
1) are known as the Fourier coefficients of h in M+(JZf).
The Fourier coefficients can be written explicitly in terms of h: In general, however, the Fourier coefficients do not determine h uniquely. For example, the vector z in Example 6.4 is in and hence in V n M+(jSf\ for each n ^ 0 (Theorem 6.7). Consequently, for l n -0 for each n, (7.1) is satisfied both when h = 0 and when THEOREM 
. If heM+(£?) then the Fourier coefficients of h are given by
Z n = PV* n h , n = 0,1, 2, ... .
The map which associates to each h e M + {£?) its Fourier coefficients is injective if and only if M + (Jίf) is nondegenerate.
Proof. From (7.1), l n = 0 for each n if and only if
Since the map taking h to {l n } n^0 is obviously linear, it is injective if and only if M+(£f) is nondegenerate.
When M+(J*f) is nondegenerate, we still cannot expect to recover h from its Fourier coefficients by means of (7.2). Indeed, even when = Sίf, (7.2) may not be valid, as the following example shows. (cf. [5] ). In Hubert space, a unilateral shift is determined up to unitary equivalence by the dimension of ^ In general, however, it is possible to have two unilateral shifts acting on isomorphic spaces that are not unitarily equivalent, even though their generating subspaces are isomorphic. For & e jg^ let Fα; be the vector y e Sίf with y 0 -y t = χ 0 and τ/ f c = χ k _ 2 for fc ^ 2. Then F is an isometry and Sf is wandering for F. whereas ||V*a?||-^oo as w->oo. Thus, despite having isomorphic generating subspaces, V and V are not unitarily equivalent.
It is readily checked that a vector
In Hubert space, the property V* n x-+0 for all x characterizes those isometries that are unilateral shifts [5] This does not apply in general, as the vector h in Example 7.3 has V**h = h for n = o,i......
We can prove a Wold decomposition theorem for isometries, but it does not have the generality of the corresponding result in Hubert space (cf. [11, Theorem 1.1.1] ). Conversely, suppose <^t and ^t are invariant for F, where Jg^ = r I ^^ is a unilateral shift, and F | Sff^ is unitary. Since we have £f = (F,^^) 1 = ^? θ F,^J, and thus ^ is the generating subspace for the unilateral shift F | Sίf^ Consequently, I, and since 3έf = ,^1 φ ^t, Λί-i-C^7) is regular. 
9* The space M(£f). Fourier coefficients in M(£f
Consequently, if Sf is regular and heM(^f), there is a unique sequence {l n }n=-oo of vectors in £f such that for all integers m and n> with m ^ n,
The vectors l n satisfying (9.1) are known as the Fourier coefficients of h in M(£f). Clearly, if h e M+(£f), then l n = 0 for n < 0 and {U»*o i s t^e sequence of Fourier coefficients of fe in AΓ+ί.^). We now assume that J^f is regular with the projection of ;%f onto £f denoted by P. The following analogue of Theorem 7.1 is given here without proof (see [10, Theorem II.7.4] 9 there is a unique sequence {l n } n<0 of vectors in £f such that, for all n < 0, (10.1) fc -Σ V*J* 6 F Λ ilί_(.^) .
The vectors Z Λ (n < 0) satisfying (10.1) are known as the Fourier coefficients of h in M_{JSf), and these obviously coincide with the Fourier coefficients (with negative index) of h in M(Jϊf).
Let P be the projection of Sίf onto Sf. In Hubert space, the shift V \ M + {£f) depends (up to unitary equivalence) only on the generating subspace £f 9 and Φ is a unitary map from AΓ+CSf) onto H\£f) (cf. [5] , [11, Sec. V.3] ). The situation is different here, as Example 8.1 shows that the generating subspace does not uniquely determine the shift, and so ΦM + (£f) can be different from H\.Sf).
Indeed, the vector h in Example 7.3 has (Φh)(x) = ΣΛ = (l-λ)-* , and clearly Φh£ If V is unitary, we can also discuss the Fourier representation Φ of M(£f).
If heM(^) and {Uϊ=_oo is the sequence of Fourier coefficients of h in M(Jtf), then Φh is the function pair (u, v) , where and v(X) is defined by the right hand side of (11.1) (cf. [10, Sec. IV.4] ). The function u is defined on some neighborhood of infinity, and v is defined on some neighborhood of zero.
In Hubert space, the Fourier representation is taken so that Φ is a unitary map from M(£f) onto L\^f), the space of all measurable functions defined on the unit circle, taking values in £f, and having square integrable norms (cf. [5] , [11, Sec. V.3] Because the spaces Λf + (.Sf) and ikf(^S^) can not always be represented as H 2 or L 2 spaces, Fourier representations are not as powerful a tool in studying shifts as they are in Hubert space. One approach is to restrict our attention to shifts for which it is known that Φ is a unitary operator from M+(£?) to H\£?) (or from M(£f) to L\£f)). This is done in [3] and [10, Chapter IV] , where dilations of operators with bounded characteristic function are studied.
Another approach is to try to determine the types of function spaces that can occur if Φ is to be unitary. This is done in [10, Chapter VI] , where dilations of some operators with unbounded characteristic function are studied. The situation is complicated by the fact that the inner product on the function space ΦM + (Jzf) need not be given by (11.2) . This can be seen by considering the vector h in Example 7.3, which has [h, h] = 1, whereas (11.2) would assign the value zero to the inner product [Φh, Φh] (see the remark following Example 7.3).
